Abstract: Despite the advantage of a hybrid electric vehicle (HEV) to save fuel and minimize exhaust emissions, the drivability of an HEV is very important. Due to the electric machine in the drivetrain of a parallel HEV, it is possible to realize gear shifts without an intermission in the wheel torque, and therefore the drivability of the vehicle can be increased. Also, the start of the internal combustion engine during the electrical driving is a very critical task for the drivability of a parallel HEV. In this paper, a flatness based feedforward control and optimization for the drivetrain of a parallel HEV with an automated manual transmission and a dry clutch is described.
INTRODUCTION
The main advantage of a hybrid electrical vehicle (HEV) is fuel saving and the minimization of exhaust emissions. Despite this, the requirements on the drivability of vehicles are increasing. In this paper, a feedforward control for the drivetrain of a parallel HEV (pHEV) is described. The internal combustion engine (ICE) and the electrical machine (EM) are coupled parallely with the gearbox. Therefore, a pHEV allows pure electrical as well as conventional driving with the ICE. Due to the EM in the drivetrain, gear shifts without an intermission in the wheel torque can be realized, and hence the drivability is increased. Also, the start of the ICE, which is realized using the EM, is important for the drivability. Different approaches to solve the drivetrain control problem exist. For example, in [1] a model predictive controller was developed to control the drivetrain of HEV during gear shifting and cranking of the ICE. In [7] , a control structure with four PI-Controller and a simple feedforward control for the drivetrain of a conventional vehicle with a dry clutch was developed. In [3] , a model predictive control for the drivetrain of a conventional vehicle was developed. A flatness based control and a cascaded control were developed in [4] to control the drivetrain of a conventional car with dry clutch. The feedforward control for the launch clutch of a pHEV was described in [2] . In the paper at hand, the feedfoward control and the trajectory generation, presented in [2] , are enhanced to control the drivetrain in every situation which can occure during the gear shifts. In comparision to [2] , the torque dynamics are considered in the feedforward control. Also, the flatness of the drivetrain is used for the optimization during the synchronization of the angular velocities of the ICE and the gearbox.
Fig. 1. Drivetrain of a pHEV
The drivetrain is equipped with a dual mass fly wheel (DMF). The DMF can cause high oscillations during the cranking of the ICE because the eigenfrequency of the DMF is less than the idle speed of the ICE. Simulation results are discussed in the final part of the contribution.
DRIVETRAIN MODEL
A simple mechanical model of the drivetrain of the pHEV is shown in Fig. 1 . The drivetrain consists of the ICE with a DMF, an EM, a gear box, and the vehicle. The inertia of the ICE J 1 is connected with the inertia of the DMF J 2 by a spring damper system, where the spring constant is denoted with k 1 and the damping constant is d 1 . The inertia of the DMF is coupled with the inertia of the gear box J 4 through the clutch and a gear ratio g 1 . The inertia of the EM J 3 is assumed to be coupled stiff with the inertia of the gear box J 4 , which in its turn is coupled with the inertia of the vehicle J 5 through the axle shafts. The axle shafts are modelled as a spring damper system with the spring constant k 2 and the damping constant d 2 . The dynamics of the system can be described by four momentum equilibriums. The first two momentum equilibriums describe the dynamics of the ICE and the DMF. The second two describe the dynamics of the gear box with 
with the abbreviation J 6 = J 3 g 2 2 + J 4 . The state x 1 is the difference between the angles of the ICE and the DMF. The states x 2 and x 3 equal the angular velocity of the ICE and the angular velocity of the DMF, respectively. The state x 4 is the difference between the angles of the gear box and the vehicle. The angular velocity of the gearbox output is given by the state x 5 , and the angular velocity of the wheel is x 6 . Tire slip is neglected, therefore the velocity of the vehicle v can be calculated with the radius r multiplied by the angular velocity of the wheel, v = x 6 r. The output y consists of the ICE angular velocity x 2 , and the vehicle angular velocity x 6 . The resulting resistance torque M v affecting the vehicle includes air drag and rolling resistance. It can be expressed by the following equation
where c w is the drag coefficient, the frontal area is A, and the mass of the vehicle is m. r is the radius of the tire, f r is the rolling resistance coefficient, and is the air density. M EM is the torque of the EM, and M cl represents the clutch torque which can be calculated using the following equation
where R cl is the effective radius and f rcl is the friction coefficient of the dry clutch. f rcl depends on the temperature and varies according to clutch wear. Therefore, f rcl varies during the slipping of the clutch and decreases during the clutch life time. The sign of the clutch torque is equal to the sign of the relative angular velocity between the gearbox input and the DMF. The normal force F N of the clutch depends on the position of the clutch actuator s and the nonlinear characteristic curve of the clutch cushion deflection (cf. Figure 2 ). Note that there exists different ways to model the clutch torque M cl (see for an overview [5] ). M ICE is the torque of the ICE, for which two cases have to be considered. If the ICE is turned off, M ICE equals the ICE drag torque, which can be approximated by an affine function of the ICE angular speed x 2
where M ICE0 is the breakaway torque and h the slope of the affine function. If the ICE is on, M ICE is an additional input of the system. The torque dynamics of the ICE can be approximated with a differential equation of first ordeṙ
where T ICE is the time constant and M req ICE is the requested ICE torque. The time constant T ICE is reciprocal to angular velocity of the ICE and can vary between 200 and 400 msec. [16] . The state space model (1) is nonlinear due to the nonlinear behaviour of the clutch torque and the resistance torque. Furthermore, the number of inputs varies depending on the state of the ICE. If the ICE is turned off, the inputs are the position of the clutch actuator s cl and the torque M EM of the EM. If the ICE is turned on, the torque M req ICE is a further input.
FEEDFORWARD CONTROL OF THE DRIVETRAIN
In this section, the feedforward control for the drivetrain is presented. First, a short introduction to flatness based control is given. After that, the connection of flatness to optimization is described. Then, a simplified model of the drivetrain is derived, which can be inverted to obtain a feedforward control.
Flatness based control
Flatness is a property of a control system which is useful for the trajectory planning task of the open loop control.
The states and inputs of a flat system can be expressed in terms of the flat outputs and a finite number of their derivatives without solving differential equations (see [9] ). The design of a feedforward control is very simple if the flat outputs correspond to the physical outputs of the system. More precisely, if the system has states x and inputs u, then the system is flat if outputs y of the form [8] 
can be found with dim (y) = dim (u), such that the states x and the inputs u can be expressed as a function of the flat outputs y and a finite number of their time derivations: 
y ,
y .
If the system is flat, the inputs can be calculated with respect to the desired outputs, which guarantee that the outputs follow the desired behaviour. The desired trajectories for the outputs y have to be functions which are sufficiently often differentiable to guarantee that the trajectories of the inputs and outputs are smooth. Flatness is an indication that the nonlinear structure of the system is well characterized, and the structure can be exploited in designing control algorithms for motion planning, trajectory generation and stabilization [8] . New results for necessary and sufficient conditions for flat systems can be found in [6] .
Flatness and optimization
The property of flatness can be usefull for the optimization. If a system is flat, the minimization of a cost function can be simplified because the trajectories for the flat outputs, which minimize the cost function, satisfy the dynamic constraints [8] . Therefore, the dynamic constraints have not to be considered in the cost function and therefore no Lagrange multiplier is needed. Thus, these constraints need not to be integrated [14] . Due to the flatness, the states and inputs in a cost function can be expressed with the equations (8, 9) . The optimization problem is transformed into an optimization problem of higher order [10]
where L is the Lagrangian and p ≤ β + 1. The necessary conditions for a minimum of (10) are [10] 
with i = 1, · · · , m. For a more detailed description, the interested reader is referred to [10, 13, 14] . Also, the flatness based optimization can be used for model predictive control (see [15] ).
Feedforward control of the drivetrain of a pHEV
The state space model given in equation (1) can be simplified to obtain a feedforward control for the drivetrain. It is assumed that the coupling between the vehicle and the gearbox through the axle shafts is stiff. Therefore, the spring damper element is neglected. Thus, the angular velocities of the vehicle and the gearbox output are equal, x 5 = x 6 . Moreover, it is assumed that the ICE and DMF are coupled stiffly, hence the angular velocities of the ICE and DMF are equal, x 2 = x 3 . A further simplification can be done by assuming that the requested driver torque M D is equal to the sum of the vehicle resistances and the vehicle inertia. Therefore, the vehicle model can be replaced by the requested driver torque. The simplified drivetrain model is shown in Fig. 3 . These assumptions lead to the following state space model for the simplified drivetrain model if the ICE is turned off
with the abbreviation
If the ICE is on, the simplified drivetrain model is
The simplified state space models (12, 13) can be inverted to obtain the torques of the EM and the clutch and, if the ICE is on, the requested ICE torque. If the ICE is off, the inversion yields
If the ICE is cranked, the torque of the ICE depends on the ICE angular velocity x 2 . Thus, it can be concluded that the inputs are functions of the output y = [x 2 , x 6 ] T , and its first time derivation. Therefore, the simplified system (12) of the drivetrain is flat with the angular velocities of the vehicle and the ICE as flat outputs. In case the ICE is turned on, the requested ICE torque is an additional input of the system and therefore the feedforward control is
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Considering (15), the requested ICE torque, the clutch torque and the EM torque can be calculated with the trajectories for the ICE torque, the angular velocities of the vehicle and the ICE and their first derivation with respect to the time. Therefore, the flat output is y = [M ICE , x 2 , x 6 ] of the simplified system (13) if the ICE is on. To use the feedforward control (15), the trajectory for M ICE has to be known. To find a solution, an optimization problem is formulated and solved to obtain the torque and angular velocity of the ICE. Note that in both cases the torque M D is a function of the vehicle angular velocity x 6 and vice versa. The position of the hydraulic clutch actuator can be calculated with equation (4) and the inverse of the characteristic curve of the normal force of the clutch, shown in Figure 2 .
TRAJECTORY GENERATION
In this section, the desired vehicle angular velocity trajectory is calculated, and the optimization problem for the synchronization of the angular velocities to close the clutch is solved.
Angular velocity trajectory of the vehicle
The desired driver torque M D is determined through the position of the acceleration and brake pedal and transmitted to the drivetrain control. To obtain the desired vehicle velocity trajectory, the longitudinal dynamics of the vehicle are considered. These can be described by the following equation
where M D is assumed to be constant during the synchronization and the start of the ICE. Therefore, the equation (16) is a quadratic ODE and can be transformed to the formẋ
with the abbreviations α = ρcwAr 3 2J5 , and β = 1 J5 (f r m g r − M D ). For β > 0, the desired driver torque is less than the friction torque, M D < f r m g r. In this case, the solution for the angular velocity trajectory of the vehicle is [12] x 6 = β α tan β α (−t + C) .
If the driver torque exceeds the friction torque, M D > f r m g r, then β < 0 follows, and the solution of the ODE is [12] 
In the third case, the desired driver torque equals the friction torque, M D = f r mgr, or β = 0. The quadratic ODE (16) is simplified toẋ 6 = −αx 2 6 , with the solution
C is in all three cases the integral constant and has to be chosen according to the initial condition. Note that the braking is considered by the case β > 0 and M D < 0.
Angular velocity and torque trajectory of the ICE
Two different cases have to be considered to obtain the desired angular velocity and torque trajectories for the ICE. The first case is the start of the ICE and only the ICE angular velocity has to be calculated because M ICE is a function of x 2 . The second case is the synchronization of the gearbox input and ICE angular velocities to close the clutch and the angular velocity as well as the torque trajectories of the ICE have to be calculated.
Start of the ICE During the cranking of the ICE, M ICE is a function of the ICE angular velocity. Therefore, a trajectory for the ICE angular velocity is needed, which is differentiable sufficiently often and connects two steady states. If equation (14) is considered for the feedforward control, it can be concluded that the trajectory has to be once differentiable. These requirements are fulfilled by the following function taken from [11] 
where y(T) is the final and y(0) is the start value of the trajectory, T is the duration of the transition. The function ξ(t) is
where n determines the possible grade of differentiation. The function ξ(t) describes the transition between the initial and end value. Also, function (21) is used to describe the requested ICE torque M req ICE during the opening of the clutch.
Synchronization of the angular velocities
In order to obtain the torque and angular velocity trajectories for the feedforward control, if the ICE is on, the following cost function is defined
with the constraints Fig. 4 . vehicle velocity, overvieẇ
The cost function (23) contains the square of the difference between the two angular velocities of the ICE and the vehicle multiplied by the gear ratio g 1 . Also, equation (23) contains the squares of the two torques M cl and M req ICE , which are weighted with the factors k 1 and k 2 to adjust the torque distribution. The first constraint is the equation of motion of the ICE. The second and third constraints (25, 26) guarantee that the two angular velocities and accelerations are equal at the end of the synchronization, which allows for the clutch to be closed without jerk. The flat outputs of the system are the vehicle velocity y 3 = x 6 , the angular velocity y 2 = x 2 and the torque y 1 = M ICE of the ICE. Thus, the Lagrangian of the optimiziation problem is
As mentioned before, in case of a flat system, the dynamic constraints can be neglected and therefore no Lagrange multiplier is needed. The Lagrangian (27) must depend only on the flat outputs and their time derivations. Therefore, the clutch torque M cl has to be substituted in the Lagrangian (27) with the ICE torque equilibrium
Also, the requested torque M req ICE has to be substituted with the ICE torque dynamics (6) . These yields to the following Lagrangian
which depends only on the flat outputs. The trajectory of the first flat output y 1 is determined by the desired driver torque and can not be used to minimize the cost function. Therefore, the necessary conditions for a minimum are The equations (30, ¡31) form a linear differential equation system, which can be solved with known methods [12] . The solutions have to consider the initial conditions y 1 (0) = M ICE (0), y 2 (0) = x 2 (0) and the final conditions (25, 26).
SIMULATION
A complete pHEV has been modelled in Matlab/Simulink (The MathWorks TM ) to test the Hybrid Control Unit (HCU) in simulations. The presented feedforward control has been implemented in the HCU. The model of the pHEV is complex, and its complete description is beyond the scope of this paper. The important part is the drivetrain, which is modelled with the SimDriveline Toolbox. The drivetrain model given in equation (1) is enhanced with the dynamics of the ICE, the EM and the clutch actuator. Besides the feedforward control, a feedback control structure is implemented to compensate for disturbances and model uncertainties. The control structure consists of 2 PID controllers to control the ICE and vehicle speed, the manipulated variables are the clutch and EM torque. The gains of the PID controllers are scheduled depending on the gear ratios and situations (ICE start, clutch opening and synchronisation). The simulation consists of an acceleration from 0 to 70 km h in 20 sec., driving 20 sec. with constant velocity and braking until coming to a complete stop (cf. Fig. 4) . The corresponding ICE and gearbox speed are shown in Fig.  5 . The ICE is started at second 17. After that, gearshifts at the seconds 25, 60 and 65 follow. If the vehicle speed is too low, the clutch is hold open to avoid a stall of the ICE. The ICE start and the first gearshift at the 25th second are considered more in detail. The speed of the ICE and the clutch are shown in Fig. 6 . The vehicle velocity and the clutch position during the start are depicted in Fig. 7 . The ICE is cranked until the desired speed for the engine start (1000 rpm) is reached. Note, that the eigenfrequency of the DMF (≈ 500 rpm) is not excited, see Fig. 6 . For the start of the ICE, the clutch is opened again to avoid oscillation in the drivetrain. After that the synchronisation of the angular velocities of the clutch and the ICE follows. The speed of the ICE and the clutch during the gearshift at second 25 are shown in Fig. 8 . The corresponding vehicle velocity and clutch position are depicted in Fig. 9 . The speed of the clutch and the ICE are equal at the end of the synchronisation, and the clutch can be closed completely. During the gearshift, the vehicle does not deaccelerate which yields a good driveability. The friction coefficient varies during driving. To consider this effect, the friction coefficient is varied. In the simulation model, the friction coefficient is set to half and twice 6, 7, 8 and 9 . If the friction coefficient is twice the nominal value, the vehicle is more accelerated because the ICE is more deaccelered. The clutch position is less than in the nominal case, because the clutch has to be less closed to transmit the desired torque. If the friction coefficient is half the nominal value, the vehicle acceleration is less than in the nominal case and the ICE is more accelerated. The clutch has to be further closed to transmit the desired torque. In both cases, the influences on the vehicle velocity are very small.
CONCLUSION
In this contribution, a flatness based feedforward control to control the drivetrain of a pHEV is presented. Also, in the optimization the property of flatness is used to calculate the ICE torque and angular velocity during the synchronization of the ICE and the clutch. The feedforward control was augmented with a feedback control and it could be shown that the control structure is robust if the friction coefficient varies.
